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Approximate solutions for the thermal entrance region and o new exact solution for the fully
developed region have been obtained for nonlinear fully developed conduit flows with unsymmetri-
cal transverse flow. Entrance region solutions are obtained by a generalized version of Mercer’s
method. The effects on combined free and forced convection of asymmetric mass transfer, in
the asymptotic region of fully developed thermal and hydrodynamic conditions, are studied and

a new exact solution is given which applies to such problems.

In practice, when secondary flows are employed for
transpiration purposes or for distributing a critical re-
actant along a porous-walled flow reactor, these transverse
flows will very likely exhibit varying degrees of asym-
metry. Thus, the purpose of this work is to investigate the
influence of such unsymmetrical conditions on heat and
momentum transfer in conduits with fully developed vel-
ocity fields, in both the thermal entrance region where
free convection effects are neglected, and in the fully de-
veloped thermal region where free convection effects
are included. To do this it is necessary to use a slightly
more general stream function than has been used pre-
viously for conduit flows with finite transverse velocity at
the wall.

In the present work it is shown that a generalized ver-
sion of Mercer’s method (4, 5), which is an extension of
Leveque’s approach, can be employed to study heat trans-
fer in the thermal entrance region of conduit flows with
unsymmetrical transverse velocities. Furthermore, the pro-
cedure which has been used to study combined free and
forced convection in the fully developed region (2) has
been generalized to account for unsymmetrical conditions.

GENERAL EQUATIONS

Before considering individual cases, the general equa-
tions for the fully developed flow through two-dimen-
sional ducts as sketched in Figure 1 will be investigated.
The dimensionless equations of change are
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and W is the angle of inclination from the earth’s surface.

The equation of state, as usual, is taken as
p/pe=1—B(t—1,) (4)

Equations (1), (2), (3), and (4) imply that the physical
properties are constant except in the body force term, and
that temperature differences in the system are not too
large, so that the linear equation of state is valid.

For constant, but not necessarily equal, interfacial ve-
locities at the conduit walls, if one defines the dimension-
less stream function as .

= ’:i {[ (Vw1 — Vwe)x: + U,] F(y1) — VpiXa} =

% [UF () — vui]  (5)

which is somewhat more general than that proposed by
Berman (1), then the momentum equation becomes

F"' () = e {F”(y) + (1—-K)
[F'(y:)F”(y:) — F(y) F”(y) 1} (6)

d
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where
Do D Vunll
U=U, + (0w, — ws) %, r=—(70—1, K= v,,‘j’ <=

These definitions clearly require that if there is finite
interfacial velocity at only one wall, then this wall must
correspond to y = 0. Furthermore, it is assumed that the
interfacial velocity of greatest absolute magnitude occurs
at y = 0, so —1 = K = 1. The boundary conditions are

F/(1) = F/(0) =F(0) =0
(7)
F(1) =1

Three properties of Equation (6) make it difficult to
solve. First, it is nonlinear, and second, it is coupled with
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Fig. 1. Diagram of coordinate system.

the energy equation when buoyancy is not negligible.
Third, two boundary conditions are specified at 4, = @
and two at y, = 1. Therefore, forward integration
schemes, such as Runge Kutta, must iterate on both the
boundary conditions at ; = 1 and the temperature func-
tions as well. Of course, a significant simplification results
if one employs a perturbation method, with, say € as ex-
pansion parameter, to solve Equation (6). Then the sys-
tem is linearized and one can solve it much more easily.
However, as will be shown later, perturbation methods
must be used with caution when solving the energy equa-
tion.

Specific forms of Equation (8), with negligible body
forces, have been considered by a number of investigators
for K = —1, the symmetric case, K = 0, the semiporous
case, and the linear case when K = 1. The case of verti-
cal and horizontal ducts with body forces and K = — 1
has also been studied (2), and most of the relevant liter-
ature on combined free and forced convection in conduits
with and without mass transfer is discussed in this refer-
ence.

ENTRANCE REGION RESULTS

In the entrance region, where the thermal boundary
layer is thin, buoyancy effects are at a minimum for a
given set of thermal and flow conditions. Thus, the case
of negligible body forces will be considered to assess the
importance of unsymmetrical mass transfer on entrance
region heat transfer in fully developed flow fields. For
this purpose let

= 1 du !
:2___._. b 1!=Uz__ (] +1) 1;
¢ j=1 i! aylj (x O) y 1=1 i! F <0) y

where FY*(0) denotes the j + 1 derivative of F evalu-
ated at y, = 0, so that by neglecting 3%/9x° one can write
the energy equation for the lower wall region as

= F9(0) ot
L (N 2 Y —
(%i! o) (N ) Fr

= FY™(0) ey | OO
(l—-(l—-K)jE:(\-(—i:_——l—)T(eNm) n J;q-_—ang
(8)
where () O ds
n= Nt £ 0 0) f u/u,
(eNp,)* In[l47(1—K)=x]
N».F*(0) r(1—K)

The development which follows can be applied to
Equation (8) in its present form without difficulty, but
the numerical work is simplified substantially if the as-
sumption of a linearized velocity near the "wall is em-
ployed. This is the well-known Leveque approximation
which is most accurate at high N, (8). With this as-
sumption, Equation (8) becomes
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at [ F”(0) " 2]191__i2f-
na—f"f‘ 1—(1—-K) P (e Ne,) an = Fo
(9)

Equation (9) also applies to the upper wall region if one
lets F”(0) — F”(1) and y, » Z where Z = 1 — y..
If
o = (9¢)", B =mo”

then Equation (9) is transformed to

q FYO)(1=K) , 1%
{3’9—”[1" 2(e Ny’ ”’3]}63

Since interest is primarily in the entrance region, it is
reasonable to expand t in a Taylor series in o as

(10)

t='2t,(ﬁ)<r’

and then to obtain the set

t, + 38t =0 (11a)
t” + 38%" — 3Bt =t (11b)
t” + 38 — 6Bt =t (11c)
50+ 38— (j 4 3) 8Btys = 'soe +
(K—1)(eNsp,)® F7(0) g, i=01,2..

2

It is significant to note that #,, t,, and £ can be calcu-
(K—1) F”(0)
2 ( EN 97)2
= B enters into the calculation only for the third order
and higher terms. Furthermore, the entire calculation can
be carried out once and for all either if K = 1, or if the
term involving B is negligible compared to unity. To ob-
tain an estimate of when this may occur, note that one

can write
F7(0)(1—K)
2(eN;,)®
F’(0) (1 —K) { 9ln {1+ 7 (1 —K) x] }’/3 &
2 {1 —K) F”(0) N».
and if 7(1 — K) << 1 this yields

F7(0) (1—K) * B

lated once and for all since the parameter

0'252": 11—

1‘— = l—~
2(6 Npr)g
F”7(0)(1—K) r _ Ox, }3’“ &
2 1 F”(0) N..,

From solutions of Equations (11) up to and including 4,
it appears one can assume that the thermal boundary layer
is confined approximately to 0 = B = 1.5. Therefore, the
term involving F”(0) is negligible if

F”(0) N».

% << [1.125 F”(0) (1 —K)]*

If the wall temperature is constant it is convenient to let
t—1t,;
to — &

0= (12)

=§mma

Then the 6, will satisfy Equations (11) and the boundary
conditions

8,(0) =1, 8,(0) =0, j=1, §,(0) =0 (138)

Page 267



TasLE 1. VALUES oF DIMENSIONLEss VELOCITY GRADIENTS FOR THE SYMMETRIC CASE oF K = —1

0.000
6.000

0.250
5.979

1.000
5.919

2.000
5.847

3.000 4.000

€
F”(0) 5782 5.724

Clearly, with constant wall temperature, 6, and 6, can be
obtained exactly as

8
“: e dg
Op=1— o (14)
_{ e#dp
and
_80
0, = ) (15)

but the 6,(8) for j = 2 must be determined by numerical
integration. In this study only the solutions to 8, and 6,
are presented. These results lead to

ha ENP,- l T

Nysy = — = - - ———
¢ 1_’: e dg

9F”(0) Npo (1 — K) ]m
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S () o L= |
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= 3 "GNMTZ 8,.2(0) o’
J: e dg 3=0

Clearly, if K = 1, that is, if vw; = vuws, the first term re-
duces to the Leveque solution, with the remaining terms
accounting for transverse velocity effects. In this case

(16)

v e
7T < L9F7(0) N,
6:°(0) can be calculated once and for all and was found
to be equal to —0.0716.

For constant heat flux q. at the wall, define
t— 1

¢ = ————

qwa/k eNPr (17)

"Z :(8) o

where ¢, is the inlet temperature. The ¢, will also satisfy
Equations (11) and the boundary conditions are

a:(0) a4, (0)
6,3 - 1> -—6_6——-0’]#1’ ¢!(w)=0
(18)
With constant heat flux ¢, = 0, and therefore
. ,
e T (-5., Bs )
= 1— — m—— —— (19)

3 3
2
where T (-g-, 8 ) is the incomplete gamma function.

Consequently, the Nusselt number is given by

Nl« =.h_?.=_m
Tk $(0)

eNp,o™

1 ©
oy TS $5a(0) 7
2z

r(2/8)
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—5.000
8.579

—2.500
6.248

—1.500
8.140

—0.500
6.044

—0.250
6.022

—0.750
6.067

T 9F”(0) Np,r(1—K) ]m
T W[l +r(1—K) %l

1 > 5«»1]-1
[_——I‘(Z/S) +§¢M(0)a |
(20)

$:(0) involves a once and for all calculation and was
found to be equal to 0.2410.

Consequently, for the cases of constant wall tempera-
ture and constant wall heat flux, solutions including sec-
ond-order effects have been obtained which are valid for
high Prandtl number flows. However, it is known that for
the entrance region results obtained by employing a linear
velocity distribution are of practical value even for N, =
0.7. It is worth emphasizing that for the case of constant
wall velocity being considered, Nru:.. and Nru,. may be
eeressed, including second-order terms, as functions of
only €, K, Np,, F”(0) and x.. Exact values of F”(0) for
symmetrical mass transfer and the semiporous duct have
been tabulated by Eckert, Donoughe, and Moore (3).
Some supplementary data for the symmetric case are given
in Table 1.

FULLY DEVELOPED THERMAL REGION RESULTS

In the region at large distances from the thermal inlet,
it is possible to find functions for the temperature distri-
bution which are consistent with Equations (2) and (6)
for both vertical and horizontal conduits. This is fortunate
because body forces will be most pronounced in this re-
gion where the temperature distribution is fully developed
and density variations exist across the entire channel.

First, the coupled Equations (2) and (6) will be re-
duced to total differential equations for both vertical and
horizontal conduits. Then a new closed form exact solu-
tion for horizontal conduits will be given. Finally, a limited
amount of heat transfer data, based on numerical solutions
to nonlinear systems, will be presented.

For horizontal systems, one obtains similar solutions if

AN U
f = ton o+ o0 (g) (21)
Ua
where the lower wall temperature #v: is given as
t¢1=ta+A[x1+%(1"‘K)ij] (22)
so that Equation (6) becomes
Fh”” = ¢ {Fhl” + (1 —_ K) [Fh’ Fn” — Fh Fn”’]} 4+
N1 + 2¢ N», (1 —K) 6.1 (23)

If one neglects dissipation and compression work, the en-
ergy equation is

0‘11 —
€ Np,- (1 -— K) [2Fh, 0,. - Fn n’] + GNPr 0;;’ + Fh’
(24)
The boundary conditions are
F.(0) = F/{0) = F/(1) = 6,(0) = 0;
Fi{(1) = 1; 6,(1) = constant (25)
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It is worth noting that Equation (21) requires the tem-
perature difference between the two walls to be zero, or
of the form

teo—tes e (25 ) = [ (1= K)=T

3

For vertical systems let

AN, U
b= o o+ B (3) (26)
with
tw, = to + Axl
which gives
Fv”” =€ {F,’” + (l — K) [Fv’ Fg” — F', F””’]} —N ov/
(27)
and
8,” = (1—K) «Na, [F 0, — F,6.'] + Ne, 6 + F
(28)

The boundary conditions are the same as those given
by Equations (25). In this case the temperature difference
between walls must be zero or of the form

twg—twlmi‘: 1+1' (].—K)x,
U,
When either K = 1 or r = 0, the temperature distribu-
tion functions for both attitudes reduce to linear wall tem-
perature. In the fully developed region this case corre-
sponds to constant heat flux.

As mentioned previously, specific cases relating to
Equations (23) to (28) have been considered in the past.
However, when these equations are written in the form
used here, it is clear that an exact solution exists which
has not been reported previously. This new closed form
exact solution to Equations (23) to (253) for K = 1 can
be written as

045

l
K =-1.00
Nyz 1.0O

0.40] +
€=-1.00
=-0.7%
=-0.50
=-0.25
= 0.00
= 0.25
= 0.50
030F * 075 —

o
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Fig. 2. Effect of the wall Reynolds number ¢
on the temperature profiles for fully developed
flow with symmetrical mass transfer.

_ [12¢—NJ[e(1—e™) + (¢ — 1eyu] + 3N(y: — y) [(e +2) + (e —2)e']

FY
Be[(e+2) + (e—2)e]
and
et Npevy 1
0"=Q[ e ¥er — 1 ] +
v ¥,
f e° Ve j: EV(s) e~ ”P"dsdyl
where

Q= 6,(1) — ‘f &t Nrryl":h Fy(s) e= " ds dy,

It can be shown that as ¢ > 0

N
FV—>6{(y.—y’) + vy (4y® — 6y.° + 2uy)

andas N-> 0
2e [1 4+ (e — 1) y, — e™]

[(e+2) + (e—2) €]

Friction factors f can be determined readily from

»

F;” ( 0)

Hyp=0) = o

f@=n=—£fwm

for the lower and upper walls, respectively. Correspond-
ingly, Nusselt numbers may be computed from

Ny (yx =0)=¢ (0)/0m
o (1)

Nz (y1= 1) -_—‘—m
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On = J‘: OF dy,

When K = 1, the vertical case described by Equations
(27) and (25) also can be easily solved. However, Rao
(7) has already obtained exact solutions to this case for
pure free convection in vertical ducts and the extension to
combined free and corced convection is straightforward
and need not be carried out in detail here.

Aside from the special case of K = 1, Equations (23)
and (27) are nonlinear and cannot be solved in closed
form. One must employ series expansions or numerical
methods to obtain solutions. Because of the number of
parameters involved, a comprehensive numerical study of
Equations (23) to (28) is formidable and only a few
special cases will be considered here.

In a previous study (2) approximate solutions to Equa-
tions (23) to (28) were obtained for K = — 1, and it was

TAsBLE 2. CoMPARISON OF NUSSELT NUMBERS OBTAINED FROM
ExacT AND PERTURBATION METHODS FOR SYMMETRICAL

Mass TrRaNsFER WITH K = —1.0 AND Np, = -1.0
N"“oxnct NN“porturb;Non e
4,344 4.567 —0.75
4.267 4.448 —0.50
4.191 4.302 —0.25
4,147 -— —-0.10
4.118 4.118 0
3.839 2.359 1.0
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Fig. 3. Effect of asymmetric mass transfer on temperature profiles
with e = 1.0.

found that for comparable wall velocities, suction altered
temperature distributions substantially more than blowing.
This result was corroborated by the exact numerical solu-
tions obtained in the present study as shown in Figure 2.

In the previous study (2) results were obtained by us-
ing both the method of averages and a perturbation tech-
nique. In Table 2, Nusselt numbers determined from the
perturbation method are compared with exact values and
is seen that the perturbation solutions are more accurate
for cases involving suction than blowing. In contrast, the
method of averages predicts Nusselt numbers very well in
systems with blowing. For example, with N,, =10, ¢ =
1.0, K = — 1.0, the Nusselt numbers obtained by the
exact, average, and perturbation methods are 3.839,
3.783, and 2.359.

The effect of asymmetric mass transfer on fully devel-
oped temperature profiles is shown in Figure 3 for various
values of K. A positive value of K indicates that the two
wall velocities are in the same direction, that is, blowing
at one wall and suction at the other. On the other hand,
negative values indicate that the wall velocities are in
opposite directions. Clearly, the profiles become more un-
symmetrical as one proceeds from K = — 1.0 to K = 1.0.
Since ¢ > @ for all cases shown, execpt for K = 1.0, the
mass flow rate increases in the direction of flow which, on
the basis of an overall mass balance, might be considered
qualitatively similar to the symmetric case with a modified
blowing rate. Thus, one can expect an overall depression
of the temperature profiles as is observed in Figure 3.

Figure 4 illustrates the behavior of Nusselt numbers at
upper and lower walls as K varies from —1.0 to 1.0. As
the degree of asymmetry increases for constant wall Reyn-
olds number, the mean Nusselt number for the two walls
increases. This occurs because the Nusselt number at the
upper wall increases more rapidly than that at the lower

5.5
A
-
S0] -
N, = 10O A —
- -
4 = =
N — y, =1
Nu —
-1
40| =
—
\\ ¥*0
3.5 T
3'910 -05 00 as 10

K

Fig. 4. Effect of asymmetric mass transfer on Nusselt numbers at
upper and lower walls with e = 1.00.
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TaBLE 3. Exact NusseLt NUuMBERs AT UPPER AND LOWER
WaALLs ForR UNSYMMETRICAL MAss TRANSFER WITH
e« = 1.0 AND Npr = 1.0

NNu(y'L: 0) Nz\'u(yl = 1) K
3.839 3.839 —1.0
4.134 3.689 —0.5
4.452 3.539 0
4.794 3.390 0.5

3.231 1.0

5.163

wall decreases, In the case shown, although the mass flow
rate increases with x, the mean Nusselt number exceeds
that for the case of no transverse flow when K = 0.65.
Some exact values of the Nusselt numbers at y; = 0 and

y» = 1, for unsymmetrical mass transfer conditions are
wabulated in Table 8.
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NOTATION

A defined by dte./dx, = (U/U,)A for horizontal
systems and dfw,/dx, = A for vertical systems

a = distance between plates
5 _ (K—DF(0)
2(e Np,)?
g = gravitational constant
K = ratio of wall velocity at y = 1 to wall velocity at
=0

k = !c/hermal conductivity

N = N Gr/ Nxc

Ny = Nusselt number for constant heat flux boundary
condition

Nwwe = Nusselt number for constant wall temperature
boundary condition

No. = Grashof number B, g Ad’/+*

Nr. = Peclet number, U.a/a

Njp, = Prandtl number, v/«

ng = Ua/ v

q. = wall heat flux

t = temperature

i, = inlet temperature in entrance region case

t, = reference temperature associated with x, = 0 for
fully developed case

i = wall temperature

tw, = wall temperature at y, = 0 for fully developed
case :

twe = wall temperature at y; = 1 for fully developed
case

U = bulk velocity at any «,

U, = reference bulk velocity

u = local axial velocity

v = local transverse velocity

vw; == transverse velocity at y, = 0

vw, = transverse velocity at 4, = 1

x = axial distance

x; = reduced axial distance, x/a

y = transverse distance

y. = reduced transverse distance, y/a

Greek Letters

k

oCp

B = dimensionless coordinate defined in text
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B volumetric expansion coefficient
I = gamma function

6 = dimensionless bulk mean temperature

6, = dimensionless temperature function for horizontal
systems

¢, = dimensionless temperature function for vertical
systems

= kinematic viscosity

p = density

po = reference density

¥ = dimensionless stream function
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Simultaneous Axial Dispersion and

Adsorption in a Packed Bed

RAUL CHAO and H. E. HOELSCHER

Johns Hopkins University, Baltimore, Maryland

A study has been made of simultaneous axial dispersion and solid-fluid mass exchange in
a packed-bed adsorber. Four different and mutually exclusive controlling mechanisms for the
solid-fluid mass exchange rate are considered. A dimensionless parameter K characterizes this
interphase mass transfer. The Peclet number characterizes axial dispersion.

An impulse-response technique was used to obtain simultaneously values of the axial Peclet
number and the rate parameter K in the adsorption column. Values of the Peclet number
obtained under conditions of interphase mass transfer were found to be significantly smaller
than the values measured under pure mixing (no surface activity) conditions.

The mathematical model used to analyze the results includes the particular case of no
surface activity with results previously found from the dispersion model. One result not pre-
viously derived from the dispersion model was found and tested experimentally.

Recently, considerable attention has been focussed on
systems in which chemical processes as well as heat and/
or mass transfer take place simultaneously. A complete
description of such systems is available for only the sim-
plest geometries, but an increased interest in transport
phenomena in, for example, beds of porous solids, is more
than justified by the demand for more rigorous design of
catalytic reactors, chromatographic and ion exchange col-
umns, beds of adsorbents, ete.

The design of a catalytic reactor must be based on the
continuity, energy, and momentum equations coupled by
a common term containing the reaction rate. A frontal
approach to this set of differential equations remains
prohibitively and hopelessly complicated. It is recognized,

Raul Chao is with Esso Research and Engineering Company, Florham
Park, New Jersey. H. E. Hoelscher is at the University of Pittsburgh,
Pittsburgh, Pennyivania.
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however, that an understanding of those problems which
involve only mass transfer serves as a basis for an under-
standing of similar problems which are complicated by
the presence of chemical reactions. Thus adsotbent beds
or chromatographic columns are the natural precursors of
packed bed reactors for studies of dynamic responses of
the latter.

In any such study, one must consider mixing processes,
interfacial mass transfer, surface and pore diffusion, and
adsorption processes as well as the chemical reactions
that may occur.

Analyses of longitudinal and radial interparticle diffu-
sion by Aris and Amundson (3), Carberry and Bretton
(7), McHenry and Wilhelm (23), and Wehner and Wil-
helm (25) have grown into a vast literature, mostly
utilizing a dispersion model (diffusion type of equation
with a diffusivitylike coefficient). These efforts, however,
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